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The second order work criterion seems to constitute a general criterion for all failure 
modes by divergence instabilities occurring in rate-independent materials [1, 2, 3]. It is 
of great interest for non-associated elasto-plastic materials where singularities of the 
elasto-plastic operator (developing on the plastic limit surface) lead classically to 
consider only a particular class of failures (triggered for a full stress control of the 
mechanical state), whereas failures can be triggered for more complex loading controls. 
The objective of this communication is to present the application of these concepts to 
granular matter. The points discussed by means of both analytical developments and 
direct numerical simulations apply in particular to the conditions of failure initiation 
(depending on the mechanical state, the loading direction and the loading control 
parameter). These conditions are shown to be formally identical for the initiation of 
plastic failure (occurring once the plastic limit surface defined in the stress space is 
reached) and for failures triggered from a stress state strictly included within the plastic 
limit surface, leading to the definition of generalized limit states. Limit stress states are 
hence a particular case of the generalized limit states [4].  
Besides, failure initiation is characterized by a bifurcation of the mechanical response 
from a quasi-static regime to a dynamic one. Therefore, the description of failure is 
pushed further, over a short time period after failure initiation, to explain how the burst 
of kinetic energy (resulting from the unbalance within the granular assembly between 
the applied external loading and the internal stress) is quantitatively related to the 
second-order work [5]. 
To complete this description of failure in granular media, the failure mode, related to the 
strain mode at failure, should be addressed. The failure mode can be either localized 
(Fig. 1b) when there is a bifurcation of the strain field from a homogeneous strain field 
to a localized one (with for instance the formation of shear bands), or diffuse when the 
strain field remains homogeneous. The Rice's criterion has to be considered in addition 
to the second-order work criterion to assess the failure mode. As the Rice's criterion 
involves the constitutive tensor which is, for granular media, incrementally non-linear, it 
depends, at least slightly, on the loading path imposed to the media. Thus, it is shown, 
from discrete numerical simulations, that the failure mode may be influenced by the 
followed loading path. 
Finally, being classically defined at a material point from a continuum mechanical 
description, the second order work can also be expressed from a granular mechanics 
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point of view, going down to the scale of particles and contacts [6] (Fig. 1a). This feature 
leads to identify the inter-particle contacts (Fig. 1c) involved in the development of 
(macroscopic) unstable mechanical responses, together with interconnected meso-
structures. This microstructural analysis was proved to be robust enough to distinguish 
between both diffuse and localized failure modes.  
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Figure 1: Discrete numerical simulation of a biaxial compression on a 2D granular assembly: (a) detection of the limit state by means 
of both the second order work (continuous black line) and its micro-mechanical expression (blue square symbols); (b) incremental 
field of the deviatoric strain after the effective triggering of failure (characterized by a burst of kinetic energy not shown here) and 
(c) the intensity field of negative values of the second order work defined at the inter-particle contacts (i.e. the more the second 
order work is negative, the clearer the color is). 
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